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Let G beagroupactingon asupermanifold(M, d). We askwhether(M, d) is equivar-
iantly isomorphicto the exteriorsheafof a vectorbundle.When G is a Lie groupandthe
underlyingvector bundleofd is G-homogeneous,the questioncan be reducedto a finite-
dimensionalgroup-cohomologycalculation.In particular,we obtainavanishingtheoremfor
theobstructionto anequivariantisomorphism,in casetheisotropysubgroupis compactor
semisimple.
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1. Let M be aC°°manifoldand ~—~Malocally free sheafof C~-modules,i.e.,
thesheafof sectionsofasmoothvectorbundle.ThenA f—+M is asheafof super-
commutativeP-algebras,in fact,asupermanifold.It iswell knownthateveryC°°
supermanifoldis of thisform [B ] . Ontheotherhand,letAut( A~)bethegroup
of automorphismsof A f. By definition, an elementof Aut( A ~) is a diffeo-
morphismM~Mtogetherwith anisomorphismØ~( A~)~ A ~ ofsheaves,re-
spectingthe 74-gradedD~-algebrastructure.One~similarly definesAut( ~) to be

. Øred . .the group whose elementsare pairs M ~ M together with an isomorphism
Ø~(~)~ fofsheaves,respectingtheC~-modulestructure.Thereis anobvious
injectionAut( fl>-~>Aut(A ~) associatingto anyØeAut(f) the uniqueelement
of Aut( A f) whichextends0 andpreservesthei-gradingofA f. In facttheimage
of i consistspreciselyof thoseautomorphismswhichpreservethei-grading.There
areadditionalautomorphismsof A f obtainedas follows. Let Der(A ~) denote
theLiesuperalgebraofderivationsof A f. By definition,anelementofDer( A~)
is a functionassociatingto eachopenset Uc M asuperderivationof A~(U).
Thenlet Der~( A f) denotethe Lie subalgebraof Der( A f) consistingofthose
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derivations which increase degree and preserve the 12-grading. For any
YeDer~( A ~),e~iswell definedas apolynomial in Y, sowe obtainasubgroup
N( A 4~f)=exp(Der~( A ~)) c Aut( A ~). Theimageofi intersectsN( A~) trivi-
ally. In factwehave

Theorem1 (cf. ref. [R } ) . Thereis an exactsequence

N( A ~->Aut( A fl—*Aut(~), O~ø,

definedby theformulasO~ed Ored, 0 ( ~) ~O~’( ~) mod iV
2 Sincei splits this Se-

quence,wehave

Aut(Atfl=Aut(~)~<N(Aé~).

Proof ThemapØ~Øis clearlysurjective,providedit is well defined.For this it
sufficesto showthat for all ØeAut ( A ~f)andallfeC~= A O~ (Ø*(f) )~=f~øred,

where(Ø*(f) )~is the degree-Ocomponentof Ø*(f) . But for all pEM, the map
c~I 0(p) ~ f~..+(Ø*(f) )o(P), definesanP-linearhomomorphism,andthereis
only onesuch,namelyf~f(Ø(p)).Now supposeØeAut(A ~) andç~’is trivial.
We mustshowthat ØEN( A fl. Since 1 —0 inducesthe identity on A ~ and
since0 is an automorphism,it follows that 1 — 0 is degreeincreasing.Then we
maydefineY=log(Ø) = — ~( 1 —Ø)7n,thesumbeingfinite. ThenYeDer~( A ~)
andØ=e~’.

Now let G be a group acting on A ( I.e., consider a homomorphism
GLAut( A f) . WegetahomomorphismGLAut( ~), ?(g) = T(g) . Ontheother
hand,theinclusionAut( f) —~Aut(A f) allows usto regardTas anotheraction
of Gon A f (whichwe continueto call ?). The equivariantsplitting problemis
to determinewhetherT and?areequivalent,in the sensethat theyare inter-
twinedby conjugationby someelementof Aut( A fl . The sourceof thistermi-
nology isthefollowing. Theshort exactsequence

~ (*)

is Aut( A ~)-equivariant,andthereforeG-equivariant.Then Tand7areequiv-
alentif andonly if (*) splits G-equivariantlyas a sequenceof sheavesof i

2-
gradedalgebras.Notealsothat (*) splitsequivariantlyif andonly if thei-grad-
ing on A f canbe redefinedin suchaway that it is preservedby G. Indeed,T
certainlypreservesthe standardi-grading,which givesonedirectionof this as-
sertion.Conversely,if ~ .~ is a i-gradingpreservedby T( G), then (*) gives
~E1?d1 C~® f. The inverseof thisisomorphismextendsto an automorphism
0cAut( A fl. Then 0 intertwinesT and T. Note that 0 necessarilybelongsto
N( A fl. Anotherway of thinking abouttheequivariantsplitting problemis to
imaginethesupermanifold(M, d) givenwithoutan explicit isomorphismwith
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A f, but with agroupaction.Thenweareaskingwhetherd andA f areG-equi-
variantly isomorphic.

We will solvetheequivariantsplittingproblemin thecasethatGis aLie group,
M= G/H for someclosedsubgroupH, and f is the sheafof sectionsGx HVfor
somefinite-dimensionalH-moduleV. By solvingwe meanthatthe problemwill
be reducedto acalculationin the first cohomologygroupof H with coefficients
in an appropriatefinite-dimensionalH-module W. The reduction is accom-
plishedby meansof Shapiro’slemma[BW] , which assertsthe equalityof theH-
cohomologygroupsof WandtheG-cohomologygroupsof Ind~(W).

2. We beginby translatingthequestionof equivariantsplitting into a cohomol-
ogy problem.Let r= rank(fl. For eachgeG, wemayusetheorem1 to define
Y(g)eDer~( A ~flby T(g) = ~Y(~) ?(g). Foranyintegerj~ r, let Der’( A f) de-
notethejth gradedpieceof Der( A fl, andlet Y1(g) denotethe pieceof Y(g)
belongingto Der’( A fl. Let ussayY(g) vanishesto orderj if Y~(g)= 0 for all
ks~j.If weconjugateT by someelementeZeN(A fl, it maybe possibleto in-
creasethe orderof Y. We definetheorderof Tto be the supremumof integers
j~f;r suchthat thereexists ZeDer~( A f) such that for all geG, eZT(g)e_Z=
eY’~?(g), whereY’(g) vanishesto orderj. Clearly, T andT areequivalentif
andonly if T hasorder r. Supposethenthat T hasorderj, andassume,after
conjugatingT appropriately,that for all go G, Yvanishesto orderj. Then set
Y(g)= 1’;+ 1(g)+higherorderterms.

Theorem2. Thefunctiong’~}±1(g) isa cocyclewith respectto theadjoint action
ofD(G) on Der’~’(Afl, i.e.,

Its cohomologyclassisan invariantofT, andisnon-zeroifandonlyif TandDare
equivalent.

Proof For all g, heG,

(l+Y1~1(g))D(g)(l+Y~~1(h))D(h)m(l+Y1~1(gh))D(gh)

modulotermsof orderj+2. Thatis,

Y1~1(g)?(gh)+D(g)Y~~1(h)D(h)= Y~~1(gh)D(gh),

or equivalently,

This provesthe first assertion.Now supposewe conjugateT by an elementof
ØeN(A f) in suchaway that for all geG, the orderof Y(g) doesnot decrease.
We maywrite 0 in the form ezr...eZ2, e~~eDerk(A fl. It follows by inductionon
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k that Zk commuteswith D(g) for k~<j,andthereforeY~1(g) changesby

~+1(g)~+1(g)+~+1 —D(g)~+1D(g’),

i.e., by acoboundary.Thisprovesthe secondassertion.The third assertionfol-

lowsfrom theverydefinitionof }±~.

3. Specializenow to the casedescribedin section 1 : G is arealanalyticgroup,H
is aclosedsubgroup,M= G/H, H—~GL(V) is afinite-dimensionalrepresenta-
tion of H, and f is the sheafofC~sectionsof the homogeneousvector bundle
Gx~V.Let l~denotetheLie algebraofH, and~: l~—~End(V) the derivativeof p.
Thenwe havegraph(p)c End VEJ~.Eachelementof End Vextendsto deriva-
tion of A V, sograph(p)maybe regardedasan H-submoduleof Der( A V)~g,
with H actingon 9 by Ad. Note thatDer( A V) = A V® V*. Let <graph(,O)> de-
note the A V-submoduleof A V® ( V*~ ) generatedby graph(p). Set W=
(A V®(V*~g))/<graph(~)>•

Proposition3. Der( A f) = Ind~(W), i.e. thespaceofsectionsofGx 11W.

Proof Clearly, sectionsof GXH( A V® V* ) determinederivationsof A f. So do
sectionsof Gx H

9~for, if co : G—+g transformsunderH by Ad andf: G—÷A Vtrans-
formsunderH byp, thenfor all acG, define

pf(a)=(d/dt)~
0f(ae

t~))

Thenfor all beH,

çpf(ab)= (d/dt) Iof(abet~’~)

= (d/dt) I
0f(ae

t~~b)

=p(b’)qf(a).

It is easy to see then that every derivation comes from a section of
GXH( A V® V*~A V®g), and that the kernel is the space of sections of
GxH<graph(

1ô)>.

Recall from ref. [HM] thenotion of adifferentiableG-module.If A is areal
topologicalvectorspace,andalsoaG-module,thenit is acontinuousG-module
if the mapGxA—~A,(g, a) ~ga is continuous.If, furthermore,for all acA,the
mapG—~A,g’.~~g~ais aninfinitely differentiablemap,thenA is calledadifftren-
tiableG-module.If B is anyrealtopologicalvectorspacewhosepointsaresepa-
ratedby continuouslinear functionals,thenwegetadifferentiableG-moduleby
puttingasuitabletopologyon thespaceof all differentiablemapsfrom Gto B.

In particular,if U is anyfinite-dimensionalH-module,and ,~ is the sheafof
C~sectionson GxHU, thenC~( G)® U is adifferentiableG-module,andthere-
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fore so is thesub-moduleI’(M, ~). Thus it makessenseto considerthe differ-
entiablecohomologygroups,H~(G, f’(M, ~) ) . We canof coursealsoconsider
thedifferentiablecohomologygroupsH~(H,U). We thenhave

Shapiro’s lemma. H~(G,[‘(M, ~) ) andH~(H,U) arecanonicallyisomorphic.

Proof For the detailsof the proof, see ref. [BW] . Sincewe will be usingthe
isomorphismin degree1 explicitly in the examplebelow,we give a sketchof
the construction. Make C~(G)® U a GxH-module, letting G act by
l~(f®u)(g’)=f(g~g’)®u,andlettingHactby”(f®u)(g)=f(gh)®h~u.Then
U consistspreciselyof the G-invariants,andI’(M, ~) consistspreciselyof the
H-invariants.Moreover,C°°(G) ® U turns out to be acyclic for bothG andH.
ThenShapiro’slemmafollows from astandardspectralsequenceargument.In
degree1, theisomorphismworksasfollows. Let weH1~(H,U) be representedby
a cocyclec: H—+ U. RegardingcasaC°°( G)® U-valuedcocycle, wemay choose
somefeC°°(G)® Usuchthatfor all heH, c(h)= hf_f Thenregardingfasazero-
chainwith respectto G, wetakeits coboundary,öf(g) (g’ )=f(g ‘g’ ) —f(g’).
Then the isomorphismH~I(H,U) ~H~(G, [‘(M, ~) ) takesw to the class of
6f

In combination with Shapiro’s lemma, theorem 2 implies

Theorem4. With thenotationasabove,assumethefunctiong~Y(g) is difftren-
tiable. Then we maycanonicallyassociateto Tan integerj~Dim( V) anda co-
homologyclassweHI’I(H, J4’± 1), where J3’±~is the (j+ 1 )st componentof W,
such that w vanishesif and only if j=Dim( V) if and only if T and D are
equivalent. E

Bytheorem4, wecandeducetheequivalenceof TandDin manycaseswithout
anycomputation.Forexample,

Corollary 5. With thesameassumptionsasin theorem4, supposeinaddition that
H iscompactor semisimple.ThenTandDareequivalent.

Proof In thiscase,H~(H,U) vanishesfor anyfinite-dimensionalH-moduleU.
Fortheconvenienceof the reader,werecalltheproofof thiswell-known fact. If
c:H—~Uis anycocycle,thenlet M= U*~Cwith theH-modulestructure

h.(a,z)=((h_l)*a, <c(h),a>+z)

where< , > denotesthepairingbetweenUandU*. The shortexactsequence

O—~C-~M-~U*_~O
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mustsplit asa sequenceofH-modules.This givesalinearmapfrom U* to C, i.e.
anelementue U. Thenc isthecoboundaryof u.

To produceanonsplittableactionof G, we mustchooseH’ (H, W)~ 0. The
easiestway to getan exampleis to find aclassweH’ (G, Der’( A ~)) wherej>

rkef/2. Thenif we representw by acocycleG—~Der’( A ~fl,we get a family of
deformedactionsof G:

g~exp(t~(g))lg ( 1 +t~(g))lg,

wherewehavewritten l~to emphasizethatinitially gactsby theleft regularrep-
resentationon f’(M, A f).

Example. Let

G=SL(2j~), N={(~ ‘~)~teP}.

ThenG/N=B~2— {O}. Let E bethe trivial bundleof rank2 on GIN, with basise,,
e

7. Then elementsof Der
2( A f) are of the form e,A e

2Z,whereZ is simply a
vectorfield on — {O}. Let L denotethe spaceof smoothvectorfieldson P

2— {O}.
By Shapiro’slemma,

H
1~(SL(2,P), L) ~ g/n)

whereg andn arethe Lie algebrasof GandN, respectively.Let ususethis iso-
morphismto produceanontrivialcocycleSL(2, P) -~ L. Let

H=(~- ~= (~~ ~= (~~).
If wetakeH, Yto representabasisfor gin,we find thattheactionof N on g/n is
equivalentto its definingactionon P

2. IdentifyN with P. Thusagin-valuedco-
cyclebecomesasmoothmap

p ~ p2

suchthatfor all s,teP,

c(s+t)=c(s)+ (~~

Writing

(a(s)c(s)=~b()

we find that the generalsmoothsolution is b(s)= b
0s, a(s)= a0s+ ~b0s

2. Co-
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boundariesarefunctionsof theform

(1 s’\ 2

c(s)=v—~0 1)v, forsomeveP
i.e.,

c(s)=(’~), 2eP.

Thereforewemayassumea0= 0, andthusH1~j(N,g/n) is spannedby thecocycle
c(s)ms

2H+2sY(modX). To tracethroughShapiro’slemma,we mustregardc
as a cocyclewith coefficientsin C°°(G)®g/nandthenfind afunction W:G—~
g/n suchthatc is the coboundaryof W. Thegeneralelementof Gmaybewritten

(2 cos0 s2cosO—2’ sino\j=h(O, 2, s)
\2 sin 0 s2 sin0+2 — cos0)

Thus wemayseekaWwhich dependsonly on s,andwereadilyfind thesolution
W(s)=s2H—2sY.Indeed,for all s, t,

( t2 ‘\ (1 s’\( (t+s)2 ‘\ — (t2_s2_2st_t2+2s2+2st~— (~2

\~—2t)— \~O l,A~—2(t+s))— —2t+2s+2t ) — \~2s

Nowlet ö Wbethecoboundaryof Wwith respectto G. Thus,forall geG, ~W(g)
is the function~W(g) : G—*g/ndefinedby

6W(g)(h)=W(s(h))—W(s(g’h))

We are to think of öW(g)asavectorfield on P2— {O}. To write thisout explicitly,
first write the left invariantvectorfields HL and ~L in termsof 8/80, 8/82 and
8/Os,andmodout the8/Osterm.Theresultis

8 8
_~ 2 mod—,

(),t Os

18 8 8
YL’ ~~+s2~mod~—.

Now defineçOg(h)= s(h)— s(g- ‘h). We now have

öW(g)(h)=—[s(h)2—s(g’h)2]HL

—2[s(h) —s(g’h) ] ~L mod0/Os,

whichyields
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~W(g)(h)= [s(h)2_s(g1h)2]2~ _2[s(h)_s(g1h)](s2~+

~g(0, 2) [s(h)+s(g~h) ]2~—2~(0,2)(s(h)2~+

_ç9g(h)22~_2~g(h)~~.

To be completelyexplicit, let us write out (Pg as a function of 0 and 2. If
h=(~),then

b as(h)=—+ 2 2
a c(a+c)

Set

~(a $
g —~ ~

If weassume,aswemay,thats(h)=0, then

çOg(O, 2) = —s(g ‘h)

((a $~\(2cos0 —2’sin0
— \~\y öi2sino 2’cos0

— a2 - ‘sin 0—/32 - ‘cos 0 y2 cos 0+ ô2 sin 0
— a2 cos 0+ /32 sin 0 — cx2 cos 0+ /32 sin 0
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